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Abstract 

We study the asymptotics at zero of continuous functions on (0, 1] by means 
of their asymptotic ideals, i.e., ideals in the ring of continuous functions on 
(0, 1] satisfying a polynomial growth condition at modulo rapidly decreasing 
functions at 0. As our main result, we characterize maximal and prime ideals in 
terms of maximal and prime filters. 

1 Introduction 

In this paper, we study the asymptotic ideals of continuous functions (0,1] — ?► K (where 
K is one of the fields M or C), i.e., ideals in the ring of continuous functions satisfying 
the following growth condition (usually called moderateness) 

(3iV G N)(3£o > 0)(V£ < Bo) 10(5)1 < e^'' 
modulo the ideal of continuous functions satisfying 

(Vn G N)(3£o > 0)(V£ < So) 10(e) | < e" 

(usually called negligibility). Apart from the obvious interest of such a study to asymp- 
totic analysis, such equivalence classes of functions also naturally arise in generalized 
function theory as the ring of generalized constants Kent of the algebra of Colombeau 
generalized functions (see 

The ring Kent of generalized constants with continuous dependence on the parameter 
has been introduced and studied in [5], where it is also shown that this ring is iso- 
morphic to the ring of generalized constants with smooth dependence. In fact, the 
study of the ring K^nt amounts to the study of the asymptotics at zero of moderate 
continuous functions on (0, 1]. 

In generalized function theory, the choice of continuous dependence comes from the ob- 
servation that when one embeds distributions in an algebra of Colombeau generalized 
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functions and when one solves nonlinear problems, one always encounters generalized 
functions represented by continuous (even smooth) nets of smooth functions. 
The algebraic properties of the ring Kent are different from those of the ring K of 
generalized constants without continuous dependence on the parameter, and many 
tools used in the study of K cannot be used. Most strikingly, this is manifested by 
the fact that Kent does not have any nontrivial idempotent elements, in sharp contrast 
with the ring K (which is a so-called exchange ring |T3] ) . Thus the main tools used in 
[1] and [T3j to study K cannot be used. 

In this paper, we study prime and maximal ideals by attaching a filter of closed subsets 
of (0, 1] to each ideal. The filter is analogous to the filter {5* C (0, 1] : e^c G /} attached 
to an ideal J <l K ([131 §6]), and thus allows us to overcome the difficulty of the lack 
of idempotents. In this way, we obtain a classification of maximal and minimal prime 
ideals in terms of maximal and prime filters. 

The methods used in this paper are inspired by the study of the ideals in K [H |T3] 
and by the study of maximal ideals of rings of continuous functions by Gillman and 
Jerison [7]. Compared to [7], the main novelty is the adaptation to the asymptotic 
nature of the ring K^nt- 

2 Preliminaries 

The ring K, with K = M or K = C (the field of real, resp. complex numbers), is defined 
as A4k/A/k, where 

Mk = {{xe)s G : (3iV G N)(3£o > 0)(V£ < Bq) \x,\ < e"^} 

A/k = {(x,), G K(°'i] : (Vn G N)(3£o > 0)(V£ < Bq) \x,\ < e"}- 

We denote by [x^] G K the element with representative (xe)^ and we denote p := [b]. 
K is a complete topologicaljing with the so-called sharp topology, which can be defined 
as follows. Let x = [xs] G K. Let 

v{x) := sup{a G M : (3^0 > 0)(V£ < Bq) \x,\ < e"}. 

Then the ultrametric d(x,y) := e~'"^^~y^ induces a topology on K which is called the 
sharp topology [T2] . 

Denoting by C((0, 1]) (resp. C°^((0, 1]) the set of continuous (resp. smooth) maps 
in K(0'il, the ring Kent := (Mk H C {{0 ,1])) / (ATk n C((0,1])) and Ksn, := (-Mk n 
C°^((0,l]))/(A(ff n C~((0,1])). Clearly, K,^ C Kent ^ K. In [5], it is shown that 

IKent = IKsni. ^ ^ ^ 

We denote / < Kent for a proper ideal I of Kent (i-e., / ^ Kent)- 

K is an exchange ring [13], i.e., for each a G K, there exists an idempotent e G K such 
that a -|- e is invertible. Unlike K, Kent is not an exchange ring [5l Lemma 4.3]. 
Like K, Kent is a Gelfand ring [3 Lemma 4.5], i.e., every prime ideal is contained in a 
unique maximal ideal. 

Like K, Kent is a Bezout ring [51 Prop. 4.26], i.e., every finitely generated ideal is 
principaL 

Like M, Rent is an /-ring (or lattice-ordered ring) [5l Prop. 4.13]. 
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Let / < Kent and x e I. Then e / [S, Lemma 4.24]. 

Let /<Mcnt- Then / is an 1-ideal (or absolutely (order) convex), i.e., if x G /, x' G Mcnt 
and \x'\ < \x\, then x' G /. O Prop. 4.25]. 

Let us point out explicitly the corollary that then also for Cent, z E I, z' E Cent, 
\z'\ < \z\ implies that z' G /. Indeed, 2; G / implies \z\ G / HMent [3 Lemma 4.24]. As 
/nMent<^ent, JnMent^is an 1-ideal in Mcnt • Hence \'^z'\ < \z\ implies that ^z' G /flMent- 
Similarly, '^z' e I n Km- Thus z' = ^z' + i'^z'^e I. 

Hence the bijective correspondence of ideals in Kent takes the same form as for ideals in 
K (p3]): the map I < Cent ^ I Mcnt = {^z : z ^ 1} < Rent has as an inverse the map 
J < Rent ^ {J) = {z E Cent : l-^l ^ J} ^ Cent (where (J) is also the ideal generated by 
J in Cent)- It is an inclusion-preserving bijection between the lattice of ideals of Cent 
and the lattice of ideals of Ment- In particular, arbitrary sums and intersections are 
preserved. One easily checks that the isomorphism also preserves products of ideals, 
principal, pseudoprime and irreducible ideals. 

Let i? be a commutative ring with 1. An ideal / < i? is pure if [4, Prop. 7.2] 

(Vx G /)(3?/ G /)(x = xy). 

We denote by m(/) the pure part of / < i?, i.e., the largest pure ideal contained in / 
[H Prop. 7.8]. By definition, / is pure iff / = m(/). If i? is a Gelfand ring, then [H 
§8.2-3] 

m(J) = {x E R : (3y G I){x = xy)}. 
An ideal / < i? is idempotent if P = I. 

We denote the radical of I < Rhy y/l = {x e R : {3n e N)a;" E 1} = f] icp P (e.g., 

P prime 

see 0.18]). 

/ < i? is radical (or semiprime) if / = -\/7, or equivalently, if (Vx G R) (x^ E I ^ x E I). 
I < R is pseudoprime if for each a,b E R, ab = implies a E I or b E I. 
I <R is irreducible (or meet-irreducible) if for each J,K<R, I = Jr\K implies I = J 
OT I = K §6]. 

3 Characteristic sets 

Definition 3.1. A set S C (0, 1] such that E S (closure in M.) is called a charac- 
teristic set We denote the set of all characteristic sets by S. 
Let S,T E S. We say that T is an extension of S if S ^ T° (closure and interior 
in (0, 1]) and denote this by S -< T (or equivalently, T y S). It is straightforward to 
check that -< is antireflexive and transitive on S \ {(0, 1]}, and hence defines a partial 
order on S \ {{0,1]}. Notice that (0, 1] -< (0, 1], which will turn out to be convenient. 

Lemma 3.2. Let S,T eS. 

1. If S T, there exists U E S such that S -<T. 
In particular, -< is a dense order on S \ {{0,1]} . 

2. S <T iffT^ -< S'. 



3 



Proof. 1. Let S -< T. By Urysohn's lemma, there exists (p G C((0,1]) such that 
< < 1, 0|5 = and 0|tc = 1. Let U := {e e (0,1] : 0(e) < 1/2}. Then 
S^U^T. 

2. :s C r° ^ (T^) = (T°)' C (Sf = (S^)°. □ 

Definition 3.3. (cf. [5, 4-16]) Let x G Kent o-nd S E S. Then x\s = if 

(Vn G N){36 > 0)(V£ G 5 n (0, 5))(|x,| < e"). 

where {xs)e is any representative of x. We similarly write x\s = y\s for (x — y)^g = 0, 
x\s = 1 for {x - l)|c; = 0, ... 

We say that x\s is invertible if there exists y G K^t such that {xy)^g = 1. 
Lemma 3.4. Let S e S. 

1. Let X G Kent- Then the following are equivalent: 

(a) x\s is invertible (in Kentj 

(b) x\s is invertible in K 

(c) x\s is bounded away from zero, i.e., for some representative (Xe)^ of x, 

(3n G N)(3(5 > 0)(V£ G S n (0, 5)){\x,\ > e"). 

(the statement then automatically holds for any representative (xe)^ of x). 

(d) for each characteristic set T 'O S , x\t 0. 

2. {x G Kent : x\s is invertible} is open. 

3. x\s = iff for each characteristic set T ^ S , x\t is not invertible. 

Proof 1. (6) (c) <^ (d): by [HI Lemma 4.1]. 
(a) =^ (6): trivial. 

(c) (a): let T := {e G (0, 1] : \x,\ > e"/2}. As {xe)e is continuous, S n (0,5) ^ T. 
By Urysohn's lemma, there exists G C((0, 1]) such that < < 1, (p\snio,6) = 1 and 
0|Tc = 0. Let y, := 0(£)/x„ if £ G T and y^ := 0, if e G T^. Then ||/,| < 2£-", (y,), G 
is continuous and x^ye = 1 for each e G 5 fl (0,5). Hence (yg)^ is a representative of 
some y G Kent with {xy)^g = 1. 

2. Let a:|5 be invertible. Let n G N as in part 1(c). Then y\s is invertible for each 
y G Kent with \x — y\ < p"/2 (again by part 1(c)). 

3. By [ni Lemma 4.1], since Kent ^ K. □ 
Proposition 3.5. Let x G Kent ond S E S. 

1. If x\s = 0, then x\t = for some T y S. 

2. If x\s is invertible, then x\t is invertible for some T y S . 
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Proof. 1. Let {xs)e£{o,i] be a (continuous) representative of x. Then for each n E N, 
there exist 5„ > (w.l.o.g. strictly decreasing and tending to 0) such that \xs\ < 
for each e G 5, £ < 5„. Then let T := UneN(^n+2. ^n) n {e G (0, 1] : l^^l < 2£"}. Then 
also x\T = 0. We show that S T. Let e G 5. Then e G (5n+2, (^n) for some n. By 
continuity, also \xe\ < for each e E S, e < 6n- Hence e belongs to the open set 
{5n+2, Sn) n{ee (0, 1] : < 2e"} C T. Thus £ G T°. 

2. Let n G N and 5 > as in lemma [Ml 1(c). Let T := G (0, 1] : \xe\ > e"/2} U 
(5/2, 1). As (xe)^ is continuous, S -< T. By lemma l374l 1(c). a;|T is invertible. □ 

Lemma 3.6. Let a,b E K^it and S E S. If (a6)|^ = 0, then there exist closed T,U 
with S* C T° U f/° such that a\T = and b\u = 0. 

Proof. As a,b E K, there exists V <^ S such that a\v = and b\s\v = [I3J. As 
a,b E Kent, there exist (w.l.o.g. closed) T, U with \/-<T, 5'\l^-<f/ such that a\T = 
and b\u = by Prop. 13.51 □ 

4 Asymptotic filters 

In [7J, to any ideal / < C{X) (with X a topological space), a filter is associated 
consisting of the zero-sets of all / G / and conversely, to a filter J-" of zero-sets, an 
ideal / is associated. Taking into account that there is no largest zero-set for x E Kent, 
we proceed as follows: 

Definition 4.1. A filter of closed subsets of (0, 1] is a family T of (relatively) closed 
subsets of (0, 1] such that 

1. ^iJ' 

2. ifS.TE T, then S HT E T 

3. if S E J^, T C (0, 1] is closed and 5 C T, then T E . 

A closed characteristic subset of (0,1] is called an asymptotic subset. We denote 
the set of all asymptotic subsets by A. 

An asymptotic filter or a-filter is a filter of closed subsets of (0, 1] that contains 
(0, 5\ for each 5 > 0. Notice that this implies that C A. 

We define as follows a topology on A. Denoting open intervals corresponding to -< by 

(5,T)^ := {U E A: S ^T}, 

the extension topology is the topology on A with base {{S,T)^ : 5*, T C (0, 1]}. We 
will call -<-open, ^-closed, . . . sets that are open, closed, . . .for this topology. Notice 
that {(0, 1]} is -<-open, which will turn out to be convenient. 

Remark 4.2. A filter is called free (or non-principal) if flse.F'^ ~ ^- '^^^ alterna- 
tively define an a-filter as a free filter of closed subsets of (0, 1]. For, if J-" is a filter 
of closed subsets of (0, 1] and (0, 5] ^ J-" for some 6 > 0, then 5 fl [5, 1] 7^ for each 

5 E J^. By compactness of [6, 1], it would then follow that fls'eJ' t^' 
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Definition 4.3. Let / <1 Kent- Then 

J^{I) := {S C (0, 1] closed : (3a; G is invertible)} 

(here it is understood that x\s is trivially invertible if ^ S). 
Let T he an a-filter on (0, 1]. Then 

:= {x e Kent : (3^ G T){x\s = 0)}. 

Lemma 4.4. For I < Kent, 

jr(/) = {S C (0, 1] closed : {3x G /)(x|sc = 1)}. 

Proof. If X G / and X|5c is invertible, then there exists y G Kent such that {xy)^gc = 1, 
and xy E I. □ 

Proposition 4.5. Lei / < Kent o^^^^ on a-filter on (0, 1]. 

i. «s an a-filter on (0, 1]. 

^. /(J^) <Kent. 
3. J^{I{J^)) C J^. 

^. C /. 

Proof. 1. Since a proper ideal does not contain invertible elements, ^ J^{I)- 

If S,T E J^{I), then there exist x,y E I such that x\s<^ and are invertible. Hence 

also \xf + |?/|^ G / and + \yf)\s'=uT': invertible, so also S (IT E J^{I)- 

USE J^il), T C (0, 1] i s closed and S CT, then clearly T E 7 {I). 

If 5 > 0, then ^ (0,5]*^, hence x\(q^s]'' is (trivially) invertible for each x E Kent- 

2. \ix,y E I{J^), then x\s = and y\T = for some S,T E J^. Then also x + y\snT = 

and ^HTg J-", so x + yG I{J^). For 2; G Kent, also xz\s = 0, so xz E I{J^). 1 ^ 
since 1|5 7^ for each S E S. 

3. Let 5 G J^{I{F)). Then there exists x G /(J^) such that X|5c = 1. So there exists 
T E T such that X|r = 0. Then T fl (0, 5] C 5* for some 5 > 0. For otherwise, one 
constructs V ^T ^ S'^ with G V such that x\y = 0, contradicting x\v = 1- Thus 
Set. 

4. Let X G I{J^{I)). Then there exists 5 G J^(/) such that X|5 = 0. So there exists 
y E I such that yi^c = 1. As x G Kent, \x\ < for some N eN. Then |x| < \y\. 
As p^^y G / and ideals in Kent are absolutely order convex |5l Prop. 4.25], x E I. □ 

Proposition 4.6. Let J-" be an a-filter on (0, 1]. Then 

1. = {S eA: (3T ^ S){T E 7)} {J=° denotes the -<-%nter%or) . 

2. T° is an a-filter. 
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Proof. 1. C: let X C J' be ^-open. If S e X, then S G (T,f/)^ C X, for some 
T,U C (0, 1]. W.l.og., T is closed. We first show that there exists ^ -< 5* with V e A. 
Otherwise, T ^ S, i.e., T n (0,5] =0 for some 6 > 0. As S E S, we can construct 
Wi, W2^S with Wi, W2eA and WinW2 = 0. Then Wj U [5/2, 1] e (T, f/)^ C jr. 
Hence also = l¥i fl n (0, 5/3] G J", a contradiction. 

Since -< is a dense order, T W ^ S for some closed . Hence also T ^ V UW ^ S, 
andVUW e A. Thus V U W e {T,U)^ C X C J^. Hence A' C {S G ^ : (3r ^ 
5)(TG^)}. 

3: {S eA: (3T ^ 5)(T G -F)} C and is ^-open: if T ^ 5 with T G J^, then also 
S G (T, (0, 1])^ C {5 G ^ : (3T ^ 5)(T G J^)}. 
2. As C jr, ^ jro. 

If f/ ^ 5, 1/ ^ T with t/, \/ G J^, then also UnV ^SnT with f/ n \/ G J^. 

The other defining properties of an a-filter are immediately checked using part 1. □ 

Theorem 4.7. 

1. For each a-filter J" on (0, 1], J^{I{T)) = ■ 

2. {J^{I) : / < Kent} is the set of -<-open a- filters on (0, 1]. 
Proof. First, let / <] Kent- We show that is -<-open: 

Let 5* G J^{I)- Then there exists x E I such that a;|5c is invertible. By proposition 13. 5[ 
there exists T y S'^ such that x\t is invertible. W.l.og. T is open. Then T'^ G J^{I) 
and -< S. 

In particular, J^{I{J^)) C is -<-open, and hence J^{I{J^)) C J^°. 
Conversely, we show that C J^[I[J^)): 

Let 5* G J-"". Then there exists T ~< S such that T E J-". By Urysohn's lemma, there 
exists X G Kent such that x\t = and = 1. Hence x G /(J^) and S* G J-'{I{J-')). 
Finally, if an a-filter is -<-open, then T = T° = J-'(J(J-')), hence T = J^{I) for some 

/ < Kent. □ 

Theorem 4.8. 

1. For each I < Kent, /(^(/)) = m(I). 

2. {/(J^) : is an a-filter on (0, 1]} the set of (proper) pure ideals in Kent- 

Proof. First, let T be an a-filter on (0, 1]. We show that I{J^) is pure: 
Let X G I{J^). Then there exists S E such that x\s = 0. By proposition 13. 5[ 
x\T = for some T >- S. By Urysohn's lemma, there exists y G Kent such that y\s = 0, 
?/|rc = 1. Then {xy)^rp = and {xy)^rpc = x\t':- Hence x = xy and y G I{J^). 

In particular, C / is pure for each / <l Kent, and hence C m(/). 

Conversely, we show that m{I) C for each J < Kent: 

Let a; G m{I), i.e., there exists y G / such that x = xy. As — y) = 0, there exist (by 
lemma I3l6|l closed 5, T C (0, 1] with SUT = (0, 1] such that a;|5 = and (1 — = 0. 
Hence yis^ = 1, so 5* G J^{I), and x G /(J-'(/)). 

Finally, if J < Kent is pure, then I = m{I) = /(J-'(/)), hence / = /(J^) for some a-filter 
on (0,1]. □ 
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5 Closed ideals and filters 



We will denote ■= I{J^) (closure in the sharp topology) and J^{I) ■= J^{I) 

(-<-closure). 

Proposition 5.1. Let T he an a-filter on (0, 1]. Then 

1. T = {S e A: {VT y S, T closed){T G J^)}. 

2. T is an a-filter. 

Proof. 1. Call -.= {3 eA: (VT y S,T closed)(T e J^)}. 

C: G J^* and J-"* is -<-closed: if S* G ^ \ J-"*, then there exists a closed T y S with 
T ^ J", hence also (0, T)^ C ^ \ jr*. 

D: let X D T be ^-closed. Let S E A\X. Then S e {T,U)^ C A\X for some 

T,U E A. As -< is a dense order, S V U for some closed V, and G (T, t/)^ C 

A\X £A \ 7. Thus S i 7*. Hence 7* C X. 

2. ^ J^, since ^ ^. 

Let S'l, Si E 7 and let T ;^ S*! fl S'2. Let 

f/i = {£ G (0,1] : d(£,5i) < d(£,52)} 
?72 = {£ G (0,1] : rf(£,^2) < rf(£,5i)}. 

Let Vi := t/i U T° and V2 := f/2 U T°. Then = {Si \ S2) U {Si f] S2) CUiUT° = Vi 
since 5*2 is closed. Since Vi is open, S'l -< Vi. Hence Vi G 7. Similarly, V2 G J-". As 
VinV2CT,T e 7. We conclude that Si n S2 G 7. 

The other defining properties of an a-filter are immediately checked using part 1. □ 
Corollary 5.2. If 7 is an a-filter on (0, 1], then 7° = 7. 
Proof. ^: since 7° C 7. 

C: it suffices to show that 7 C 7°. Let S E 7. Let T C (0, 1] be closed such that 
Ty S. Then T G J^°. Hence S e7^. □ 

Theorem 5.3. Let 7 be an a-filter. Then 

1{7) = {x e Kent : (VS* G ^)(x|5c invertible ^ S e 7)}. 

Proof Call /+(J^) := {x G K^nt : (VS G ^)(x|5c invertible ^ S e 7)}. 
We first show that I^{7) is closed: 

If a G Kent \ I^{7), then there exists S & A\7 such that ai^c is invertible. By lemma 
13. 4[ X|5c is invertible for each x in a certain neighborhood of a. Then such x ^ I~^{7), 

too. Hence IK^nt \ I^{7) is open. 
We now show that I {7) C /+(J'): 

Let X G I {7). Then X|s = for some S E 7. Let T E A such that X|tc is invertible. 
Then S fl (0, 5) \ T = for some 6 > 0, for otherwise, G S \ T and x\s\t = and 
x\s\T is invertible, a contradiction. Hence S'n(0, 6) C T, and T E 7. Thus x G I^{7). 
Finally, we show that I^{7) C I {7): 

Let X = [xe] G I^{7). Consider the sets L„ := {e : \xe\ > e"}. As x\l„ is invertible, 
G 7, for each n G N. Further, L„ -< L^+i for each n G N. By Urysohn's 
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lemma, there exist y„ G Kent such that yn\L„ = 1 and = and < ?/„. < 1- 

Then |x?/„ — xL = and |x?/„ — xLc < kLc < p". Hence — x| < p", and 
hm^^oo xi/n = X. As rc = 0, x^/n e I{J^), for each n. □ 

I n+1 

Corollary 5.4. Let I < Kent- T/ien /(J^(/)) C / C 7(J^(/)) an(i 7 = m(J). 

Proof. I C let x E I. Let 5 G ^ such that xi^-c is invertible. Then 5 G 

Hence by theorem 15.31 x G J(J-'(/)). 

By proposition I4.5[ C /. Hence / = I{J^{I)) = m{I) by theorem 14.81 □ 

Theorem 5.5. Let I <] Kent- Then 

Til) = {SeA:i\/xe Kcnt)(a;|5 = ^ x g /)}. 

Proof. Call J^+(/) := {5 G ^ : (Vx G Kcnt)(a;|5 = ^ x G /)}. 
We show that J^^{I) is closed: 

Let S G J^~^{I), i.e. 5 G ^ and T G for each closed T y S. Let x G K^nt 

such that xis = 0. By lemma ESI there exists T y S such that x\t = 0. W.l.o.g, T is 
closed. Thus x G /. Hence S* G J^^{I). 
We now show that J^(J) C 

Let 5* G J^{I)- Then there exists a G / such that a|5c = 1. Now let x G Kent such that 
X|5 = 0. Then x\t = for some T y S. By Urysohn's lemma, there exists y G Kent 
with y\s = and y\Tc = 1. Then {xya)^rp = x\t = and {xya)^j,c = x\tc. Hence 
X = xya G /. 

Finally we show that C J(J): 

Let 5 G J^^{I) and let T ;^ S* be closed. By Urysohn's lemma, there exists y G Kent 
such that y\s = and y\Tc = 1. As S E J^~^{I), y E I. Hence T G □ 

Theorem 5.6. ///, J<Kent, then = T{J) m{I) = m{J) 7 = 1. 

Proof 1. If J^(/) = TjJ), th en m( /) = /(J ^(/)) = = m(J) by theorem Ol 

2. If m{I) = m{J), then / = m{I) = m{J) = J by corollary 15.41 

3. Let S G J^{I). Let := {x G Kent : x\sc is invertible}. Then I r\E ^ ^. By lemma 
13. 4[ is open, hence also I H E ^ (I), i.e., S G 

Hence, if 7 = 7, then J^{I) = = = J'(J). □ 
Corollary 5.7. If I < Kent, ^/^en m(/) = m{I). 

Theorem_5.8._Lei J^i, J'a &e a-filters on (0,1]. T/ien /(J^i) = /(J'a) ^1° = 

Proof 1. If /(J-i) =jX'^2)_^hen_^° =^(/(jr^)) = J^(/(J-2)) = by theorem SZl 

2. If 7"° = J^°,then Tx = J^l = Tl = by corollary O 

3. Let X G Then X|5 = for some S E J^. By proposition 13. 5[ there exists 
T y S (w.l.o.g. T closed) such that x\t = 0. So T G J-", and x G I {J-"). 

Hence, if 7\ = J2, then /(J^i) = J(J1) = /(J2) = /(J^2)- □ 

Corollary 5.9. //J-" is an a- filter on (0, 1], then {J^)° = T° . 
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6 Maximal and prime ideals and filters 



Definition 6.1. An a-filter T on (0,1] is called 'prime if for each S,T E A with 
SUT eF, either S e T orT e 

An a-filter T on (0, 1] is called pseudoprime if for each S,T E A with S° UT° = (0, 1], 
either S E or T E . 

Remark 6.2. 1. In the definition of (pseudo) prime a-filter, we may also ask the condi- 
tion for each closed 5, T C (0, 1] (instead of for each S,T E A only). For, if 5* ^ ^, 
then S i S, i.e., (0,5] n 5 = for some 5 > 0. Hence (5 U T) n (0,5] C T. So if 
5* n T G J-", then also T E J^. The case T ^ ^ is symmetric. 

2. An a-filter J-" on (0, 1] is prime if and only if for each S,T E A with S* U T = (0, 1], 
either S E or T E For, if J-" satisfies the latter condition and S U T E J^, we 
consider 

U -.= {8 E {0,1] -.die, S)<d{e,T)} and V := {e E {0,1] ■ d{e,T) < d{e, S)}. 

Then U, V are closed with UUV = (0, 1]. Hence U E J' or V E J'. UU E J', then 
also {SUT)nU E As {SUT)nU C S, also S E The case V" G is symmetric. 
This motivates our (less obvious) definition of pseudoprime a-filter. 

Lemma 6.3. Let S,T,U C (0, 1] be open and nonempty with U ^ S U T . Then there 
exist V ^ S andW such that U CVUW. 



Proof. Let 



V ■.= {eE (0, 1] : max{d{e, U), d{e, T")) < d{e, S^)} 
W ■.= {eE (0, 1] : max{d{e, U), d{e, S"")) < d{e, T')}. 



UeEV\S, then e E nU CT^ n {S UT) C S. Hence 1/ C As 1/ is closed and 
S is open, also V -< S. Similarly W ^ T. 

Further, let e eU. Then either d{e, T") < d{e, S^) (hence e E V) or d{e, S^) < d{e, T") 
{hence € eW). So U CVUW. □ 

Lemma 6.4. Let T be a pseudoprime a-filter on (0, 1]. Then I{J^) is pseudoprime. 

Proof. Let xy = 0. By lemma 13.61 there exist closed T, U with T° U U° = (0, 1] such 
that x\T = and y\u = 0. As J-" is pseudoprime, T E J-" or U E J^. Hence x E I{J^) or 
y E I{7). □ 

Lemma 6.5. Let I < K^nt be pseudoprime. Then T{I) is pseudoprime. 

Proof. Let S,T E A with S°UT° = (0, 1]. Let V S° andW -< T° such thaty UW^ = 
(0, 1] (lemma |6T3] with U = (0, 1]). By Urysohn's lemma, there exist x,y E Kent such 
that x\v = 0, x\sc = 1, y\w = and y\Tc = 1. Then xy = 0. As J is pseudoprime, 
xEloryEl. Hence S E J^{I) or T G J^{I). □ 

Lemma 6.6. Every closed ideal I < K^nt is radical. 

Proof. Let S E J-'{\/l). Then there exists x E Kent and n E N with x"^ E I and 
x\sc = 1. Then also x^\s<^ = 1, hence 5* G J^{I). Thus ^{y/l) = J^{I). By theorem 

[5Sl/cy7cy7 = 7 = /. □ 



10 



Proposition 6.7. Let I < Kent- Then the following are equivalent: 

1. I is pseudoprime 

2. the set of ideals containing I is totally ordered (for C) 

3. I is irreducible 

IS prime 

5. J^{I) is pseudoprime. 

For Kent = I^cntj this is still equivalent with 

6. Mcnt/-^ is totally ordered. 

Proof. 1^6 (for Kent = I^cnt): let a G Mcnt- Since = \af, we have (a— |a|)(a+|a|) = 
0. As / is pseudoprime, a— |a| G/ora+|a| G/. As Mcnt is an /-ring, it follows that 
a + / > or -a + / > in Rcnt/I (cf. [3 Thm. 5.3]). 

6^2 (for Kent = Ment, cf. [H 4.1]): the map J t-)- J/J is an order preserving bijection 
between the (/-)ideals of Mcnt containing I and the /-ideals of Ment/-/^- As in any totally 
ordered ring, the /-ideals in Mcnt/-/^ are totally ordered. 

1^2 (for Kent = Cent): by the bijective correspondence of ideals in Mcnt and in Cent 
(section [2]). 

2^3: let = / n J. Either / C J or J C /, whence K = I or K = J. 
3^1: as in any commutative /-ring with 1 in which every ideal is an /-ideal, the 
irreducibility of / < Mcnt is equivalent with: for any x,jj G Mcnt, a^Ment H yMent ^ I 
imphes xG/oryG/[2l Prop. 8.4.1]. So let x,?/ G Mcnt with xy = 0. By lemma 
13. 6[ there exist open T, U with T U t/ = (0, 1] such that x\t = and y\u = 0. Let 
z G xMcnt n i/Mcnt- Then z\t = z\u = 0, hence z = 0. In particular, xMcnt H yMcnt ^ I, 
and hence a: G / or ?/ G /. The bijective correspondence of ideals in Mcnt and Cent 
yields the result for Cent- 

2^4: the intersection of a chain of prime ideals is prime, hence vT = fl/cpp prime ^ 
is prime. 

4^5: by lemma 16. 5[ J-'{\/l) is pseudoprime. By the proof of lemma 16. 6[ J-'{I) = 

5 =^ 1: by lemma EH m{I) = /(J-'(/)) is pseudoprime. Hence / D I{J^{I)) is also 
pseudoprime. □ 

Theorem 6.8. Let I <l Kent- Then I is prime iff I is pseudoprime and radical. 
Proof ^: as / is prime, = fl/cp.p prime P = T 

<^=: / = y/l is prime by proposition 16.71 □ 
Lemma 6.9. Every pure ideal I <1 Kent is radical. 

Proof. Let G / for some x G Kent and n G N. As / = m{I) = /(J-'(/)), there exists 
S G J-'{I) such that x"'\s = 0. Hence also x\s = 0, and x G /(J-'(/)) = /. □ 

Proposition 6.10. For I <1 Kent, the following are equivalent: 
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1. I is pseudoprime 



2. m{I) is prime 

3. I contains a prime ideal. 

Proof. 1 =^ 2: by lemmas [6.41 and [675| m(/) = I{J^{I)) is pseudoprime. By lemma [6^ 
m{I) is radical. Hence m(J) is prime. 
2^3: m(/) C J. 

3^1: if P C / is prime and xy = 0, then G P, so s G P C / or ?/ G P C /. □ 
Proposition 6.11. Let J-" be an a-filter on (0, 1]. Then the following are equivalent: 

1. is pseudoprime 

2. I{J^) is pseudoprime 

3. I{J^) is prime. 

Proof. 1^2: by lemma 16. 4^ /( J^) is pseudoprime. 

2^3: as I{J^) is pure, I{J^) is radical (lemma . By theorem 16. 8^ is prime. 
3^1: by lemma [675| J^{I{F)) is pseudoprime. As J-'{I{J^)) C J^, also J-' is pseudo- 
prime. □ 

We now consider maximal ideals and a-filters: 

Theorem 6.12. Let J-" be an a-filter. 

1. if T is pseudoprime, then T is maximal. 

2. T is maximal if and only if T is prime and -<-closed. 

Proof. 1. Suppose T ^ T' for some a-filter T' . Let S ^ T' \ T . Then there exists a 
closed T y S such that T ^ J^. As -< is a dense order, there exists an open V with 
S ^ V ^ T. Since T° U (V^Y = (0, 1] and is pseudoprime, G J^. But then 
= 5 n G J-"', a contradiction. 

2. we show that J-" is closed: as J-" C J^, and J-" is an a-filter, J-" = J-" by 

maximality. Further, we show that J-" is prime: let S,T & A such that S U T E J^. 
Suppose there exists U E such that f/ fl 5* = and there exists V E T such that 
V n T = ^. Then = ([/ fl fl (5* U T) G J-", a contradiction. We may thus assume 
that [/ n S* 7^ 0, for each U E J^. (The case t/ fl T 7^ 0, for each t/ G J-" is similar.) 
Then ^ J^' := {[/ C (0, 1] closed: (31/ G J^){S n 1/ C f/)}. As P is an a-filter, 
J-" = J-"' by maximality. Hence S E J^. 

2. <^=: by part 1, J-" = J-" is maximal. □ 
Theorem 6.13. Let I < Kent- 

1. if I is pseudoprime, then I is maximal. 

2. I is maximal if and only if I is prime and closed. 
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Proof. 1. By proposition I6.7[ J^{I) = J^{I) is pseudoprime. Thus by theorem I6.12[ 
is maximal. Now let J C J <i K^nt- Then J-'{I) C J^{J), and hence = J^{J) 
by maximality. Hence also m(l) = = = I{T{J)) = I{J^{J)) = m{J), 

and hence J J = I hj theorem 15.61 

2. let E denote the set of invertible elements in Kent- As / is a proper ideal, 
I r\E = ^. As is open, also I (1 E = ^. Hence / is proper, and / = / by maximality. 
Maximal ideals are prime in any commutative ring with 1. 

<^=: by part 1, J = J is maximal. □ 
Corollary 6.14. 

1. The set of minimal prime ideals in Kent equals 

{/(J-") : T is a max. a-filter on (0, 1]} = {I{J^) : T is a pseudoprime a-filter on (0, 1]}. 

2. The set of maximal ideals in Kent equals 

{/(J-") : T is a max. a-filter on (0, 1]} = {I{J^) : T is a pseudoprime a-filter on (0, 1]}. 

Proof. l.(a) Let / < Kent be a minimal prime. Then J-'(J) is pseudoprime, and 
/(J-'(J)) C / is a prime ideal. By minimality, I = I{J^{I)) = and J-'{I) 

is maximal. 

(b) Let J-" be a pseudoprime a-filter on (0, 1]. Then I{J^) is prime by proposition 16. Ill 

If P<Kent is prime with P C then J^(P) C C and hence T{P) C T. 

As P is prime, J^{P) is pseudoprime, and hence T{P) is maximal by theorem 16.121 

Hence 7(P) =T. Consequently, P D /(J^(P)) = /(^^(P)) = = I{J^). 

2. (a) Let / < Kent be maximal. Then I is pseudoprime, hence is pseudoprime, 

and thus J^{I) is maximal. Further, 1 = 1 = m{I) = J(J-'(/)) = I{J-'{I)). 

(b) Let J-" be a pseudoprime a-filter on (0, 1]. Then /(J-") is pseudoprime, hence I {J-') 

is maximal. □ 



Proposition 6.15. Lei /< K. r/ien / = n iqm M. 

AI maximal 

In particular, an ideal / < K zs closed iff it is an intersection of maximal ideals. 
Proof. C: by theorem I6.13[ maximal ideals are closed. 

5: let X ^ J = m(/) = I{J-'{I)) (corollary 15. 4p . By theorem 15. 3 [ there exists S G 
A \ J^{I) such that X|5c is invertible. Let E := {x & Kent '■ ^^i^c is invertible}. As E 
is closed under multiplication and E (1 1 = (ll, there exists a prime P < Kent such that 
JCPandPnP = (e.g., [7, 0.16]). As E is open (lemma [S31), also E n P = 0. In 
particular, P is maximal and x ^ P. □ 

Remark 6.16. In the previous, we showed that maximal ideals of Kent are in bijec- 
tive correpondence with maximal a-filters, which are in bijective correspondence with 
points of /3(0, 1] \ (0, 1], where /3(0, 1] denotes the Stone-Cech compactification of (0, 1] 
(cf. 6.5]). 



7 Rapid a-filters 

Definition 7.1. An a-filter T is called rapid if for each sequence {Sn)n in J-' with 
Si y S2 y ■ ■ ■ , there exists T G such that T\Sn ^ S. 
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Theorem 7.2. Let T he an a-filter. Then I{J^) is closed iff is rapid. 



Proof. <^=: let a G /(J^) with continuous representative {a^)^. For each n G N, let 
Sn '■= {e G (0, 1] : \as\ < e"}. By theorem 15. 3[ Sn G J-", and also Si >~ S2 >~ ■ ■ ■ ■ As J-" 
is rapid, there exists T G such that T \ Sn ^ S. Hence |a||^ < p", for each n G N, 
i.e., a\T = 0. Hence a G I{J^). 

let Sn G J-", and also 5*1 :^ ^2 . . . . By Urysohn's lemma, there exist 0„ G C((0, 1]) 
such that < (pn < (pn\s„+^ = and (f)n\s^ = Let := X]^r=i (05 1/2]- 

By uniform convergence, (f) is continuous and < ^(e) < + e""^^ + • ■ ■ < 2£:" on 
(0, 1/2] n S'n \ S'„+i. Extend to a continuous map on (0, 1]. Then a := [0(e)] G Kent- 
Let T G ^ be such that a\T<^ is invertible. Then there exists n eN such that 10(e) | > 

for e G n_(_0,5] (some < 5 < 1/2). Hence Sn n (0,5] C T, and T G J". By 
theorem 15. 3[ a G /(J^) = I{J^)- Thus there exists T E such that a|T = 0. 
Let n en. Then 10(e) | < e" for each e G (0, 5] n T (some < 5 < 1/2). Hence 
(O,5]nT\5„ = 0. □ 

Remark 7.3. Recall that a filter J-" of subsets of N is called rapid if for any decreasing 
sequence {Sn)n in there exists S E such that S \ Sn is finite for every n eN. A 
free ultrafilter W of subsets of N is called weakly selective (or (5-stable or P-point of 
/3N\N) if for each sequence (5'„)„ in U, there exists S eU such that S'\S'„ is finite for 
each n E N. There exist weakly selective free ultrafilters if we assume the continuum 
hypothesis [HI [B] (in fact, it satisfies to assume weaker axioms, e.g. ZFC+Martin's 
axiom [3l §4]). By definition, a weakly selective free ultrafilter is rapid. 

Lemma 7.4. There exists a rapid maximal a-filter, if we assume the continuum hy- 
pothesis. 

Proof. Let U he a. rapid free ultrafilter on N. Let 

:= {S E A : {n E N : 1/n E S} E U] . 

From the fact that W is a filter, it is straightforward to check that J-" is an a-filter. 
From the fact that U is rapid, resp. maximal, it is straightforward to check that J-" 
is a rapid, resp. prime a-filter. By theorem 16. 12^ it suffices to show that J-" closed. 
Let S E J^. As S" is a closed set, there exists a closed T y S such that {n G N : 
1/n E T} = {n EN : 1/n E S}. Since T G J^, {n G N : 1/n G T} G W. Hence also 
S eJ^. □ 

Proposition 7.5. There exists a prime ideal in Kent which is both minimal and max- 
imal, if we assume the continuum hypothesis. 

Proof. Let J-" be a rapid maximal a-filter. By theorem 17. 2[ I{J^) is closed, hence /(J^) 
is both a minimal and maximal prime ideal by corollary 16.141 □ 



8 z-ideals 

As the notion of z-ideal in the ring C{X) of continuous functions on a topological space 
X can be expressed by a purely algebraic condition [7, 4A], G. Mason [9] used this 
condition to define a 2;-ideal of any commutative ring R with 1. 
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Definition 8.1. Denoting by M{a) = {M max. ideals of R : a & M}, I < R is a 

z-ideal if 

(Va G R){\/h e I){Mia) = M{b) ^ a e I). 

We proceed to show a similar characterization as for z-ideals in K. As in ^3], we 
denote Z{a) := {S & S : a\s = 0}. 

Theorem 8.2. Let a,b e K^nt- Then M{a) C M{b) Z{a) C Z{b). 

Proof. let S G Z{a) \ Z{b), i.e., a\s = and 0. By lemma there exists 

T G 5 with T C S* such that b\T is invertible. Let M be a maximal ideal containing 

I := {x E Kent : x\t = 0} <I Kent- Since a\s = 0, also a\T = 0, hence a G M. Suppose 
that b G M. Since b\T is invertible, b\u is invertible for some U >~ T. By Urysohn's 
lemma, there exists x G Kent such that x\t = and x\uc = 1. Hence x G / C M, 
and XX + bb = \xf + G M would be invertible, a contradiction. We conclude that 
M e Mia)\Mib). 

let M G A^(a) \ A^(6), so a G M and 6 ^ M. As M is maximal, M + 6Kent = Kent- 
Let m E M and c G Kent such that m + be = 1. As 6c, m G K, there exists S C (0, 1] 
such that (6c) and m|5c are invertible p!3l Lemma 4.1]. Hence also b\s is invertible. 

I 1 2 1 2 

Suppose that a\s is invertible. Then aa + mm = \a\ + \m\ G M would be invertible, 
a contradiction. By lemma [331 there exists T E S with T C 5* such that a|T = 0. We 
conclude that T E Z{a)\ Z{b). □ 

Corollary 8.3. / < Kent is a z-ideal iff 

(Va G Kent)(V6 G /)(^(a) = Z{b) ^aEl). 

Proposition 8.4. 

1. For /< Kent, 

h: = {xE Kent : (3a G /)(Z(a;) = Z(a))} = {a; G Kent : (3a G /)(Z(x) D Z{a))} 

= {xE Kent : (3a G /)(Al(x) = 7W(a))} = {x E Kent : (3a G I){M{x) D M{a))} 

is the smallest z-ideal containing I. We call it the z-closure of I. I is a z-ideal 

2. For I < Kent, I ^Vl ^Iz- Hence (V7)^ = h and every z-ideal is radical. 
A (proper) z-ideal is prime iff it is pseudoprime. 

Proof. As in ^LS, Prop. 4.3]. □ 

Proposition 8.5. Every closed ideal I < Kent is a z-ideal. 

Proof. I is an intersection of maximal ideals (proposition 16 . 15]) . hence a 2;-ideal [9]. □ 
Proposition 8.6. 

1. For a family {Ix)\eA of ideals I x<^cnt, (ZIasA -^a)^ = ZIasA (-^a)^- In particular, 
the sum of a family of z-ideals is a z-ideal. 



15 



2. For I,J< Kent, /. n J, = (/ n J)^. 

3. For I < Kent, '■= G Kent '■ (a^lKent)^ ^ 1} is the largest z-ideal contained in 
I. We call it the z-part of I. I is a z-ideal iff I = P. 

4. For a family {h)xeA of ideals h < Kent, flAeA-^A = (flAeA-^A)''- In particular, 
the intersection of a family of z-ideals is a z-ideal. 

5. For I < Kent, Tn{I) C C Jv^ C /. In particular, every pure ideal o/Kent is a 
z-ideal. If I < Kent is pseudoprime, then P is prime. 

Proof. 1. First, we show that (/ + J)^ = + J^. 

Let X G (/ + J)^. Hence there exist a E I, b E J such that Z{x) = Z{a + h). Let 
resp. (/3£)e, be representatives of |a|, resp. with 7^ and 7^ for all e. Let 
S := {e e (0, 2/3J and T := {e G (0, 1] : Pe < 2aJ. As 7^ and fie ^ 0, 

5 U T = (0, 1]. By lemma |631 there exis^ V -< S,U -<T such that U UV = (0, 1]. 
By Urysohn's lemma, there exists z G Mcnt such that y\v = 1, yi^c = 0, z\u = 1 and 
^l^c = and < < 1. Then y + z > 1. Hence there exists u G Mcnt such that 
{y + z)u = 1. 

Now let W G Z{a), i.e., a|vi/ = 0. As < 2|a||2^, also b\Tnw = 0. Hence T nW E 
Z{a + h) = Z{x), i.e. x\Tnw = 0. Hence xzu\w = xzu\(^wnT)u{w\T) = 0. Thus Z{a) C 
Z'(a;2;M). As a G /, xzu G Jz. Similarly, a;|/M G J2. Hence x = xyu + xzm G Jz + Jz- 
For arbitrary sums, the result follows as in [T3', Prop. 4.4]. 
2-4. As in [131 Prop. 4.4]. 

5. We show that m(J) C P. Let x G m(/) = Then there exists S" G T{I) 

such that X|5 = 0. Let y G (xKcnt)^- Then also y\s = 0, so y G C /. 

Thus (xKent)z ^ I- The other statements follow as in Prop. 4.4] (using [5l Prop. 
4.29]). □ 

Remark 8.7. There are z-ideals that are not closed (e.g., consider a minimal prime 
ideal that is not maximal). 

It is well known that K is complete for the sharp topology yL2J. Similarly, we have: 
Theorem 8.8. Kent is complete for the sharp topology. 

Proof. Since Kent ^ IK and K is complete, we show that Kent is closed in K. Let 
Xn G Kent with coutinuous representative {xn,e)e such that G K. By taking a 

subsequence, we may assume that for each n G N, 

W.l.o.g., (£n)n is strictly decreasing and tends to 0. Then let Ui^^ '■= Xi,e and 
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e > e„. 



in such a way that Un,e is continuous in e and \un,e\ < \xn,e — Xn-i,e\ for each e G (0, 1]. 
Then ■= Yl'^=i'^n,e is a locally finite sum. Hence (se)^ is continuous and for each 
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k=l 



Hence x = [s^] G Kent- n 
Theorem 8.9. Let I < Kent be a finitely generated ideal. 

1. If I is radical (in particular, if I is closed, pure or a z-ideal), then I G {0,Kcnt}- 

2. L. = l 

3. m{I) = r. 

Proof. By Lemma 4.5], / is principal, i.e. / = aKcnt for some a G Kent- 

1. By P, Prop. 4.28], / is idempotent. Hence a = a^h for some h G Kent- Thus ah 
is idempotent. So either a6 = 0, whence a = = and / = 0, or a6 = 1, whence 

I = Kent- _ 

2. Let X E I, i.e. x = hm„_s.oo a^n for some x„ G /. Let S G Z{a), i.e. a\s = 0. Then 
also Xn\s = for each n G N, hence also x\s = 0, i.e. S G Z{x). Thus a; G J^. The 
converse inclusion holds by proposition 18.51 

3. Let X G Kent \ = Then for each S G a;|5 ^ 0. In particular, 
let {a^)E be a (continuous) representative of a and L„ := {e G (0,1] : |ae| > e"'}. 
Then G so a^|Lc ^ 0. By lemma 13. 4[ there exist T„ G iS with T„ C 

and X|T„ is invertible. By lemma [375| there exist Sn >- Tn such that x\s^ is invertible 
(as Tn -< L^, we may assume Sn -< Iv^). By Urysohn's lemma, there exist |/„ G Kent 
with = (A/|a[)|r„' = and < |/„ < A/|a[- As \yn\\s„ < a/H|5„ ^ P"^^ 
y •= Xl^i ^ ^cnt exists (Kent is a complete ultrametric space). We show that 
y G (xKent)^- 

Let U G Z[x), i.e., = 0. Then ^ f/ fl S^, since x\s^ is invertible. Hence yn\u = 0. 
Then also y\u = 0, i.e., f/ G ^'(y). 

Also y ^ T. \y\\T„ — \yn\\T„ ~ \/H"|t — (P""''^ l'^l)|T„ ^^'^^ n G N. Hence \y\ ^ 
|a| for any G N, and thus y ^ I ■ Hence (xKent)^ 2 i-e., x ^ P . □ 

Let / <1 Kent- Let J-*- = {x G Kent : = 0, G /}. As in K, we have: 

Proposition 8.10. Lei /< Kent- Then 

1. I-^ is closed. 

2. 7 CI^^. 

3. Ini^ = {0}. 

4- If I is pseudoprime, then I^ = {0}. In particular, I ^ /-'-'- = Kcnt- 
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Proof. 1. Let x = lim„_j.oo a;^, with Xn G / . Then XnU = 0, Vn G N, hence also 
xy = 0,Wy E I. Thus x E I^. 

2. lix e I, then xy = 0, Vy G I^, so / C I^^. By part 1, also 7 C I^-^. 

3. If X G / n J-^, then = 0, hence x = 0. Hence also /-^ n 7 C /-^ n /-^-^ = {0}. 

4. Let X G /"*". If X 7^ 0, then there exists T G 5 such that X|t is invertible. By 
lemma I3.5[ there exists S y T such that x\s is invertible. W.l.o.g. S is closed, T is 
open and S'^ G 5. As (T'^)°US'° = (0, 1] and J^{I) is pseudoprime, either T"^ G or 
5* G J^{I). In the first case, there exists y E I such that y\T = 1- As x G J"*", xy = 0, 
contradicting the fact that {xy)^rp is invertible. In the second case, there exists y E I 

such that y\sc = 1. Hence xy = 0, and thus x\sc = 0. As {xz)^^ = 1 for some z G Kent, 

and {xz)^gc = 0, xz G Kent is idempotent, and hence xz = (contradicting {xz)^g = 1) 
or xz = 1 (contradicting {xz)^gc = 0). Thus x = 0. □ 

Lemma 8.11. There exists J <\ Kent such that J ^ {0} and ^ {0}. 

Proof. Let S := IJneN('^n'^n) with 1 > 6i > ai > 62 > (^2 > • ■ ■ and a„ — )■ 0. Then 
there exists x G Kent \ {0} such that X|s = and there exists y G Kent \ {0} such that 
= 0. Let J = {x G Kent : x\s = 0}. Then x G J and y G J^. □ 

Also as in K, the Hahn-Banach extension property does not hold in the following sense: 

Theorem 8.12. Let J < Kent with J ^ {0} and ^ {0}. Let I := J + J^. Then 
there exists a continuous Kent-linear map (p: I — )■ Kent that cannot be extended to a 
Kent- linear nnap ip: Kent Kent- 

Proof. Let 0(x + y) := x, for each x G J and y G J^. As J fl J"*" = {0}, is 
defined unambiguously and is Kent-linear. Further, |0(x -\- y)f = \xf < \xf + \yf = 
{x -\- y){x -\- y) = \x -\- yf, for each x G J and y E J^. Hence is also continuous. 
Now suppose that ip: Kent — > Kent is a Kent-linear extension of 0. Then for any x G J, 
x'0(l) = ip{x) = 0(x) = X. Hence x('0(l) — 1) = 0. Thus '0(1) — 1 G J^. Hence 
V'(l)^(l) - ipil) = V^(V^(1) - 1) = 0(^(1) - 1) = 0. It follows that ip{l) G Kent is 
idempotent, hence -0(1) = or -0(1) = 1. If -0(1) = 0, then -0 = 0, and thus also 
= 0, whence J = {0}. If -0(1) = 1, then ■0(x) = x for each x G Kent, and thus also 
(piy) = y each y G J"*", whence = {0}. □ 

Corollary 8.13. If I < Kent with I ^ {0} and ^ {0}, then I + ^ Kent- 
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